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In this paper, we present a systematical study of brane worlds of string theory on S1/Z2. In
particular, starting with the toroidal compactification of the Neveu-Schwarz/Neveu-Schwarz sector
in (D+d) dimensions, we first obtain an effective D-dimensional action, and then compactify one
of the (D − 1) spatial dimensions by introducing two orbifold branes as its boundaries. We divide
the whole set of the gravitational and matter field equations into two groups, one holds outside
the two branes, and the other holds on them. By combining the Gauss-Codacci and Lanczos
equations, we write down explicitly the general gravitational field equations on each of the two
branes, while using distribution theory we express the matter field equations on the branes in
terms of the discontinuities of the first derivatives of the matter fields. Afterwards, we address
three important issues: (i) the hierarchy problem; (ii) the radion mass; and (iii) the localization
of gravity, the 4-dimensional Newtonian effective potential and the Yukawa corrections due to the
gravitational high-order Kaluza-Klein (KK) modes. The mechanism of solving the hierarchy problem
is essentially the combination of the large extra dimension and warped factor mechanisms together
with the tension coupling scenario. With very conservative arguments, we find that the radion mass
is of the order of 10−2 GeV . The gravity is localized on the visible brane, and the spectrum of
the gravitational KK modes is discrete and can be of the order of TeV. The corrections to the 4-
dimensional Newtonian potential from the higher order of gravitational KK modes are exponentially
suppressed and can be safely neglected in current experiments. In an appendix, we also present a
systematical and pedagogical study of the Gauss-Codacci equations and Israel’s junction conditions
across a (D-1)-dimensional hypersurface, which can be either spacelike or timelike.
PACS numbers: 03.50.+h, 11.10.Kk, 98.80.Cq, 97.60.-s
I. INTRODUCTION
Superstring and M-theory all suggest that we may live
in a world that has more than three spatial dimensions.
Because only three of these are presently observable, one
has to explain why the others are hidden from detection.
One such explanation is the so-called Kaluza-Klein (KK)
compactification, according to which the size of the extra
dimensions is very small (often taken to be on the order
of the Planck length). As a consequence, modes that have
momentum in the directions of the extra dimensions are
excited at currently inaccessible energies.
Recently, the braneworld scenarios [1, 2] has dramati-
cally changed this point of view and, in the process, re-
ceived a great deal of attention. At present, there are
a number of proposed models (See, for example, [3] and
references therein.). In particular, Arkani-Hamed et al
(ADD) [1] pointed out that the extra dimensions need
not necessarily be small and may even be on the scale
of millimeters. This model assumes that Standard Model
fields are confined to a three (spatial) dimensional hy-
persurface (a 3-brane) living in a larger dimensional bulk
while the gravitational field propagates in the bulk. Ad-
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ditional fields may live only on the brane or in the bulk,
provided that their current undetectability is consistent
with experimental bounds. One of the most attractive
features of this model is that it may potentially resolve
the long standing hierarchy problem, namely the large
difference in magnitudes between the Planck and elec-
troweak scales, Mpl/MEW ≃ 1016, where Mpl denotes
the four-dimensional Planck mass with Mpl ∼ 1016 TeV ,
and MEW the electroweak scale with MEW ∼ TeV .
Considering a N-dimensional spacetime and assuming
that the extra dimensions are homogeneous and finite,
we find
S(N)g ∼ −MN−2
∫
dx4dzn
√
−g(N)R(N)
= −MN−2Vn
∫
d4x
√
−g(4)R(4)
≃ −M2pl
∫
d4x
√
−g(4)R(4), (1.1)
where Vn denotes the volume of extra dimensions, n ≡
N − 4, and M the N-dimensional fundamental Planck
mass, which is related to Mpl by
M =
(
M2pl/Vn
)1/(2+n)
. (1.2)
Clearly, for any given extra dimensions, if Vn is large
enough, M can be as low as the electroweak scale,
M ≃ MEW ≃ TeV . Therefore, if we consider M as
2the fundamental scale and Mpl the deduced one, we can
see that the hierarchy between the two scales is exactly
due to the dilution of the spacetime in high dimensions,
whereby the hierarchy problem is resolved. Table top ex-
periments show that Newtonian gravity is valid at least
down to the size R ∼ 44 µm [4]. From the above we
can see that for n ≥ 2 the N-dimensional Planck massM
can be lowered down to the electroweak scale from the
four-dimensional Planck scale.
In a different model, Randall and Sundrum (RS1) [2]
showed that if the self-gravity of the brane is included,
gravitational effects can be localized near the Planck
brane at low energy and the 4D Newtonian gravity is
reproduced on this brane. In this model, the extra di-
mensions are not homogeneous, but warped. One of the
most attractive features of the model is that it will soon
be fully explored by LHC [5]. In the RS1 scenario, the
mechanism to solve the hierarchy problem is completely
different [2]. Instead of using large dimensions, RS used
the warped factor, for which the mass m0 measured on
the invisible (Planck) brane is related to the massmmea-
sured on the visible (TeV) brane by m = e−kycm0, where
e−kyc is the warped factor. Clearly, by properly choosing
the distance yc between the two branes, one can lower m
to the order of TeV , even m0 is of the order of Mpl. It
should be noted that the five-dimensional Planck mass
M5 in the RS1 scenario is still in the same order of Mpl.
In fact, the 5-dimensional action S
5)
g can be written as
S(5)g ∼ −M3
∫
dx4dφ
√
−g(5)R(5)
= −M3
∫ π
−π
rce
−2krc|φ|dφ
∫
d4x
√
−g(4)R(4)
≃ −M2pl
∫
d4x
√
−g(4)R(4), (1.3)
where now we have
M2pl =M
3k−1
(
1− e−2kyc) ≃M25 , (1.4)
for k ≃M5 and kyc ≃ 35.
Another long-standing problem is the cosmological
constant problem: Its theoretical expectation values from
quantum field theory exceed its observational limits by
120 orders of magnitude [6]. Even if such high ener-
gies are suppressed by supersymmetry, the electroweak
corrections are still 56 orders higher. This problem was
further sharpened by recent observations of supernova
(SN) Ia, which reveal the revolutionary discovery that
our universe has lately been in its accelerated expansion
phase [7]. Cross checks from the cosmic microwave back-
ground radiation and large scale structure all confirm it
[8]. In Einstein’s theory of gravity, such an expansion
can be achieved by a tiny positive cosmological constant,
which is well consistent with all observations carried out
so far [9]. Because of this remarkable result, a large num-
ber of ambitious projects have been aimed to distinguish
the cosmological constant from dynamical dark energy
models [10]. Since the problem is intimately related to
quantum gravity, its solution is expected to come from
quantum gravity, too. At the present, string/M-Theory
is our best bet for a consistent quantum theory of grav-
ity, so it is reasonable to ask what string/M-Theory has
to say about the cosmological constant.
In the string landscape [11], it is expected there are
many different vacua with different local cosmological
constants [12]. Using the anthropic principle, one may
select the low energy vacuum in which we can exist. How-
ever, many theorists still hope to explain the problem
without invoking the existence of ourselves. In addition,
to have a late time accelerating universe from string/M-
Theory, Townsend and Wohlfarth [13] invoked a time-
dependent compactification of pure gravity in higher di-
mensions with hyperbolic internal space to circumvent
Gibbons’ non-go theorem [14]. Their exact solution ex-
hibits a short period of acceleration. The solution is the
zero-flux limit of spacelike branes [15]. If non-zero flux
or forms are turned on, a transient acceleration exists
for both compact internal hyperbolic and flat spaces [16].
Other accelerating solutions by compactifying more com-
plicated time-dependent internal spaces can be found in
[17].
Recently, we studied brane cosmology in the frame-
work of both string theory [18, 19] and the Horava-
Witten (HW) heterotic M Theory [22, 23] on S1/Z2.
From a pure numerology point of view, we found that
the 4D effective cosmological constant can be cast in the
form,
ρΛ =
Λ4
8πG4
= 3
(
R
lpl
)αR ( M
Mpl
)αM
M4pl, (1.5)
where R denotes the typical size of the extra dimen-
sions, M is the energy scale of string or M theory, and
(αR, αM ) = (10, 16) for string theory and (αR, αM ) =
(12, 18) for the HW heterotic M Theory. In both cases,
it can be shown that for R ≃ 10−22 m andM10 ≃ 1 TeV ,
we obtain ρΛ ∼ ρΛ,ob ≃ 10−47 GeV 4.
When orbifold branes are concerned, a critical ingre-
dient is the radion stability. Using the mechanism of
Goldberger and Wise [20], we showed that the radion is
stable. Such studies were also generalized to the HW
heterotic M Theory [21], and found that, among other
things, the radion is stable and has a mass of order of
10−2 GeV [23].
In this paper, we shall give a systematical study of
brane worlds of string theory on S1/Z2. Similar stud-
ies in 5-dimensional spacetimes have been carried out in
the framework of both string theory [19] and M Theory
[23]. However, to have this paper as much independent
as possible, it is difficult to avoid repeating some of our
previous materials, although we would try our best to
keep it to its minimum. The rest of the paper is orga-
nized as follows: In Sec. II, we consider the toroidal com-
pactification of the Neveu-Schwarz/Neveu-Schwarz (NS-
NS) sector in (D+d) dimensions, and obtain an effective
D-dimensional action. Then, we compactify one of the
3(D − 1) spatial dimensions by introducing two orbifold
branes as the boundaries along this compactified dimen-
sion. In Sec. III, we divide the whole set of the gravi-
tational and matter field equations into two groups, one
holds outside the two branes, and the other holds on
each of them. Combining the Gauss-Codacci and Lanc-
zos equations, we write down explicitly the general grav-
itational field equations on the branes, while using dis-
tribution theory we are able to express the matter field
equations on the branes in terms of the discontinuities
of the first derivatives of the matter fields. In Sec. IV,
we study the hierarchy problem, while in Sec. V, we
consider the radion mass by using the Goldberger-Wise
mechanism [20]. In Sec. VI we study the localization
of gravity, the 4-dimensional effective potential and high
order Yukawa corrections. In Sec. VII, we present our
main conclusions with some discussing remarks. We also
include an appendix, in which we present a systematical
and pedagogical study of the Gauss-Codacci equations
and Israel’s junction conditions across a surface, where
the metric coefficients are only continuous, i.e., C0, in
higher dimensional spacetimes. To keep such a treatment
as general as possible, the surface can be either spacelike
or timelike.
Before turning to the next section, we would like to
note that in 4-dimensional spacetimes there exists Wein-
berg’s no-go theorem for the adjustment of the cosmolog-
ical constant [6]. However, in higher dimensional space-
times, the 4-dimensional vacuum energy on the brane
does not necessarily give rise to an effective 4-dimensional
cosmological constant. Instead, it may only curve the
bulk, while leaving the brane still flat [24], whereby Wein-
berg’s no-go theorem is evaded. It was exactly in this
vein, the cosmological constant problem was studied in
the framework of brane worlds in 5-dimensional space-
times [25] and 6-dimensional supergravity [26]. However,
it was soon found that in the 5-dimensional case hidden
fine-tunings are required [27]. In the 6-dimensional case
such fine-tunings may not be needed, but it is still not
clear whether loop corrections can be as small as expected
[28].
II. THE MODEL
In this section, we first consider the toroidal compact-
ification of the NS-NS sector in (D+d) dimensions, and
obtain an effective D-dimensional action. Then, we com-
pactify one of the (D − 1) spatial dimensions by intro-
ducing two orbifold branes as the boundaries along this
compactified dimension.
A. Toroidal Compactification of the NS-NS sector
Let us consider the NS-NS sector in (D+d) dimensions,
MˆD+d = MD × Td, where Td is a d-dimensional torus.
Topologically, it is the Cartesian product of d circles,
Td = S1 × S1 × ...× S1. Then, the action takes the form
[29–31],
SˆD+d = − 1
2κ2D+d
∫
dD+dx
√
|gˆD+d|e−Φˆ
{
RˆD+d[gˆ]
+gˆAB
(
∇ˆAΦˆ
)(
∇ˆBΦˆ
)
− 1
12
Hˆ2
}
, (2.1)
where ∇ˆA denotes the covariant derivative with respect
to gˆAB with A,B = 0, 1, ..., D+d−1, and Φˆ is the dilaton
field. The NS three-form field HˆABC is defined as
HˆABC = 3∂[ABˆBC]
= ∂ABˆBC + ∂BBˆCA + ∂CBˆAB, (2.2)
where the square brackets imply total antisymmetriza-
tion over all indices, and
BˆCD = −BˆDC , ∂ABˆCD ≡ ∂BˆCD
∂xA
. (2.3)
The constant κ2D+d denotes the gravitational coupling
constant, defined as
κ2D+d = 8πGD+d =
1
(MD+d)
D+d−2
, (2.4)
where GD+d andMD+d denote, respectively, the (D+d)-
dimensional Newtonian constant and Planck mass.
In this paper we consider the (D + d)-dimensional
spacetimes described by the metric,
dsˆ2D+d = gˆABdx
AdxB
= g˜ab (x) dx
adxb + hij (x) dz
idzj , (2.5)
where g˜ab(x) is the metric on MD, parametrized by the
coordinates xa with a, b, c = 0, 1, ..., D − 1, and hij(x) is
the metric on the compact space Td with periodic coor-
dinates zi, where i, j = D,D + 1, ..., D + d− 1.
We assume that all the matter fields, similar to the
metric coefficients, are functions of xa only,
Φˆ = Φˆ (xa) , BˆCD = BˆCD (x
a) . (2.6)
This implies that the compact space Td is Ricci flat,
Rd[h] = 0, (2.7)
and that
Hˆijk = 3∂[iBˆjk] = 0. (2.8)
For the sake of simplicity, we also assume that the flux
Bˆ is block diagonal,(
BˆMN
)
=
(
B˜ab(x) 0
0 Bij(x)
)
. (2.9)
Then, it can be shown that
Hˆabc = H˜abc = 3∂[aB˜bc],
Hˆaij = ∇˜aBij , Hˆabi = 0, (2.10)
4where ∇˜a denotes the covariant derivative with respect
to g˜ab.
On the other hand, we also have
RˆD+d[gˆ] = RD[g˜] +
1
4
(
∇˜ahij
)(
∇˜ahij
)
+∇˜a
(
ln
√
|h|
)
∇˜a
(
ln
√
|h|
)
− 2√|h| g˜ab∇˜a∇˜b
(√
|h|
)
. (2.11)
Inserting Eq.(2.11) into Eq.(2.1) and then integrating the
internal part, we obtain the effective D−dimensional ac-
tion,
SD = − 1
2κ2D
∫
dDx
√
|g˜D|e−φ˜
{
R˜D[g˜] +
(
∇˜aφ˜
)(
∇˜aφ˜
)
+
1
4
(
∇˜ahij
)(
∇˜ahij
)
− 1
12
H˜abcH˜
abc
−1
4
hikhjl
(
∇˜aBij
)(
∇˜aBkl
)}
, (2.12)
where
φ˜ = Φˆ− 1
2
ln |h| , (2.13)
κ2D ≡
κ2D+d
V0
, (2.14)
with the d−dimensional internal volume given by
Vd (xa) ≡
∫
ddz
√
|h| = |h|1/2V0. (2.15)
Action (2.12) is usually referred to as that written in the
string frame.
To go to the Einstein frame, we make the following
conformal transformations,
gab = Ω
2g˜ab,
Ω2 = exp
(
− 2
D − 2 φ˜
)
,
φ =
√
2
D − 2 φ˜. (2.16)
Then, the action (2.12) takes the form
S
(E)
D = −
1
2κ2D
∫
dDx
√
|gD|
{
RD[g]− 1
2
(∇φ)2
+
1
4
(∇ahij) (∇ahij)
− 1
12
e
−
√
8
D−2φHabcH
abc
−1
4
hikhjl (∇aBij) (∇aBkl)
}
, (2.17)
where ∇a denotes the covariant derivative with respect
to gab. It should be noted that, since the definition of
the three-form HˆABC given by (2.2) is independent of
the metric, it is conformally invariant. In particular, we
have
Habc = H˜abc, Bab = B˜ab. (2.18)
However, we do have
Habc = gadgbegcfHdef = Ω
−6H˜abc,
HabcH
abc = Ω−6H˜abcH˜
abc. (2.19)
Considering the addition of a potential term [30], in
the string frame we have
SˆmD+d = −
∫
dD+dx
√
|gˆD+d|V sD+d. (2.20)
Then, after the dimensional reduction we find
SD,m = −V0
∫
dDx
√
|g˜D| |h|1/2V sD+d, (2.21)
where
g˜D = exp
(√
2D2
D − 2 φ
)
gD. (2.22)
Changed to the Einstein frame, the action (2.21) becomes
S
(E)
D,m = −
1
2κ2D
∫
dDx
√
|gD|VD, (2.23)
where
VD ≡ 2κ2DV0V sD+d exp
(
D√
2(D − 2) φ
)
|h|1/2. (2.24)
If we further assume that
hij = − exp
(√
2
d
ψ
)
δij ,
hij = − exp
(
−
√
2
d
ψ
)
δij , (2.25)
we find that
S
(E)
D + S
(E)
D,m = −
1
2κ2D
∫
dDx
√
|gD| {RD[g]
−1
2
[
(∇φ)2 + (∇ψ)2 − 2VD
]
−1
4
e−
√
8
d
ψ (∇aBij)
(∇aBij)
− 1
12
e
−
√
8
D−2 φHabcH
abc
}
, (2.26)
where Bij ≡ δikδjlBkl, and the effective D−dimensional
potential (2.22) now is given by
VD ≡ 2κ2DV0V sD+d exp
(
D√
2(D − 2) φ+
√
d
2
ψ
)
.
(2.27)
5B. S1/Z2 Compactification of the D-Dimensional
Sector
We shall compactify one of the (D− 1) spatial dimen-
sions by putting two orbifold branes as its boundaries.
The brane actions are taken as,
S
(E,I)
D−1,m = −
∫
M
(I)
D−1
√∣∣∣g(I)D−1∣∣∣ (ǫIV (I)D−1(φ, ψ) + g(I)κ )
×dD−1ξ(I)
+
∫
M
(I)
D−1
dD−1ξ(I)
√∣∣∣g(I)D−1∣∣∣
×L(I)D−1,m (φ, ψ,B, χ) , (2.28)
where I, J = 1, 2, V
(I)
D−1(φ, ψ) denotes the potential
of the scalar fields φ and ψ on the branes, and ξµ(I)’s
are the intrinsic coordinates of the branes with µ, ν =
0, 1, 2, ..., D−2, and ǫ1 = −ǫ2 = 1. χ denotes collectively
the matter fields, and g
(I)
κ denotes the tension of the I-th
brane. As to be shown below, it is directly related to the
(D−1)-dimensional Newtonian constant G(I)D−1 [32]. The
two branes are localized on the surfaces,
ΦI (x
a) = 0, (2.29)
or equivalently
xa = xa
(
ξµ(I)
)
. (2.30)
g
(I)
D−1 denotes the determinant of the reduced metric g
(I)
µν
of the I-th brane, defined as
g(I)µν ≡ gabe(I)a(µ) e
(I)b
(ν)
∣∣∣
M
(I)
D−1
, (2.31)
where
e
(I) a
(µ) ≡
∂xa
∂ξµ(I)
. (2.32)
Then, the total action is given by,
S
(E)
total = S
(E)
D + S
(E)
D,m +
2∑
I=1
S
(E,I)
D−1,m. (2.33)
III. FIELD EQUATIONS BOTH OUTSIDE AND
ON THE ORBIFOLD BRANES
Variation of the total action (2.33) with respect to the
metric gab yields the field equations,
G
(D)
ab = κ
2
DT
(D)
ab + κ
2
D
2∑
I=1
T (I)µν e(I, µ)a e(I, ν)b
×
√√√√∣∣∣∣∣g
(I)
D−1
gD
∣∣∣∣∣ δ (ΦI) , (3.1)
where δ(x) denotes the Dirac delta function, normalized
in the sense of [33], and the energy-momentum tensors
T
(D)
ab and T (I)µν are defined as,
κ2DT
(D)
ab ≡
1
2
[(∇aφ) (∇bφ) + (∇aψ) (∇bψ)
+
1
2
e−
√
8
d
ψ
(∇aBij) (∇bBij)
+
1
2
e
√
8
D−2 φHacdH
cd
b
]
−1
4
gab
[
(∇φ)2 + (∇ψ)2 − 2VD
1
2
e−
√
8
d
ψ
(∇cBij) (∇cBij)
+
1
6
e
√
8
D−2 φHcdeH
cde
]
, (3.2)
T (I)µν ≡ τ (I)µν +
(
g(I)κ + τ
(I)
(φ,ψ)
)
g(I)µν ,
τ (I)µν ≡ 2
δL(I)D−1,m
δg(I) µν
− g(I)µν L(I)D−1,m, (3.3)
where
τ
(I)
(φ,ψ) ≡ ǫIV
(I)
D−1(φ, ψ),
e(I,µ)a ≡ g(I) µνe(I) b(ν) gab
∣∣∣
M
(I)
4
,
g(I) µνg
(I)
λν = δ
µ
λ . (3.4)
Variation of the total action (2.33), respectively, with
respect to φ, ψ, Bij and Bab, yields the following equa-
tions of the matter fields,
✷φ = −∂VD
∂φ
− 1
12
√
8
D − 2e
−
√
8
D−2 φHabcH
abc
−2κ2D
2∑
i=1
(
ǫI
∂V
(I)
D−1
∂φ
+ σ
(I)
φ
)
×
√√√√∣∣∣∣∣g
(I)
D−1
gD
∣∣∣∣∣ δ (ΦI) , (3.5)
✷ψ = −∂VD
∂ψ
−
√
1
2d
e−
√
8
d
ψ
(∇aBij) (∇aBij)
−2κ2D
2∑
i=1
(
ǫI
∂V
(I)
D−1
∂ψ
+ σ
(I)
ψ
)
×
√√√√∣∣∣∣∣g
(I)
D−1
gD
∣∣∣∣∣ δ (ΦI) , (3.6)
✷Bij =
√
8
d
(∇aψ) (∇aBij)
−
2∑
i=1
σ
(I)
ij
√√√√∣∣∣∣∣g
(I)
D−1
gD
∣∣∣∣∣ δ (ΦI), (3.7)
∇cHcab =
√
8
D − 2 Hcab∇
cφ
6−
2∑
i=1
σ
(I)
ab
√√√√∣∣∣∣∣g
(I)
D−1
gD
∣∣∣∣∣ δ (ΦI), (3.8)
where ✷ ≡ gab∇a∇b and
σ
(I)
φ ≡ −
δL(I)D−1,m
δφ
,
σ
(I)
ψ ≡ −
δL(I)D−1,m
δψ
,
σ
(I)
ij ≡ −4κ2De
√
8
d
ψ
δL(I)D−1,m
δBij
,
σ
(I)
ab ≡ −4κ2De
√
8
D−2 φ
δL(I)D−1,m
δBab
. (3.9)
Eq.(3.1) and Eqs.(3.5)-(3.8) consist of the complete set
of the gravitational and matter field equations. To solve
these equations, it is found very convenient to separate
them into two groups: (a) one is defined outside the two
orbifold branes; and (b) the other is defined on the two
branes.
A. Field Equations Outside the Two Branes
To write down the equations outside the two orbifold
branes is straightforward, and they are simply the D-
dimensional Einstein field equations (3.1), and the matter
field equations Eqs.(3.5)-(3.8) without the delta function
parts,
G
(D)
ab = κ
2
DT
(D)
ab , (3.10)
✷φ = −∂VD
∂φ
− 1
12
√
8
D − 2e
−
√
8
D−2 φH2, (3.11)
✷ψ = −∂VD
∂ψ
−
√
1
2d
e−
√
8
d
ψ
(∇aBij)2 , (3.12)
✷Bij =
√
8
d
(∇aψ) (∇aBij) , (3.13)
∇cHcab =
√
8
D − 2 Hcab∇
cφ, (3.14)
where T
(D)
ab is given by Eq.(3.2). Therefore, in the rest of
this section, we shall concentrate ourselves on the deriva-
tion of the field equations on the branes.
B. Field Equations on the Two Branes
To write down the field equations on the two orbifold
branes, one can follow two different approaches: (1) First
express the delta function parts in the left-hand sides of
Eqs.(3.1) and (3.5)-(3.8) in terms of the discontinuities of
the first derivatives of the metric coefficients and matter
fields, and then equal the corresponding delta function
parts in the right-hand sides of these equations, as shown
systematically in [34]. (2) The second approach is to use
the Gauss-Codacci and Lanczos equations to write down
the (D − 1)-dimensional gravitational field equations on
the branes [35]. It should be noted that these two ap-
proaches are equivalent and complementary one to the
other. In this paper, we shall follow the second approach
to write down the gravitational field equations on the two
branes, and the first approach to write the matter field
equations on the two branes.
1. Gravitational Field Equations on the Two Branes
For timelike branes, their normal vectors are spacelike.
Then, setting ǫ(n) = −1 in (B.44) we obtain,
G(D−1)µν = G(D)µν + E(D)µν + F (D−1)µν , (3.15)
with
G(D)µν ≡
D − 3
(D − 2)
{
G
(D)
ab e
a
(µ)e
b
(ν)
−
[
Gabn
anb +
1
D − 1G
(D)
]
gµν
}
,
E(D)µν ≡ C(D)abcdnaeb(µ)nced(ν),
F (D−1)µν ≡ KµλKλν −KKµν
−1
2
gµν
(
KαβK
αβ −K2) , (3.16)
where na denotes the normal vector to the brane, G(D) ≡
gabG
(D)
ab , and C
(D)
abcd the Weyl tensor. The extrinsic cur-
vature Kµν is defined as
Kµν ≡ ea(µ)eb(ν)∇anb. (3.17)
A crucial step of this approach is the Lanczos equations
[36], [
K(I)µν
]−
− g(I)µν
[
K(I)
]−
= −κ2DT (I)µν , (3.18)
where[
K(I)µν
]−
≡ limΦI→0+K(I) +µν − limΦI→0−K(I) −µν ,[
K(I)
]−
≡ g(I) µν
[
K(I)µν
]−
. (3.19)
Assuming that the branes have Z2 symmetry, we can
express the intrinsic curvaturesK
(I)
µν in terms of the effec-
tive energy-momentum tensor T (I)µν through the Lanczos
equations (3.18). Setting
S(I)µν = τ (I)µν + g(I)κ g(I)µν , (3.20)
7where g
(I)
κ is a constant, which will be uniquely deter-
mined by the (D + d)- and (D − 1)-dimensional gravita-
tional coupling constants κD+d and κD−1 via Eqs.(2.14)
and (3.24), we find that
T (I)µν = τ (I)µν +
(
g(I)κ + τ
(I)
(φ,ψ)
)
g(I)µν . (3.21)
Then, G
(D−1)
µν given by Eq.(3.15) can be cast in the form
[cf. Eq.(C.16)],
G(D−1)µν = G(D)µν + E(D)µν + E(D−1)µν + κ4Dπµν
+κ2D−1τµν + ΛD−1gµν , (3.22)
where
πµν ≡ 1
4
{
τµλτ
λ
ν −
1
D − 2ττµν
−1
2
gµν
(
ταβταβ − 1
D − 2τ
2
)}
,
E(D−1)µν ≡
κ4D(D − 3)
4(D − 2) τ(φ,ψ)
×
[
τµν +
(
gκ +
1
2
τ(φ,ψ)
)
gµν
]
, (3.23)
and
κ2D−1 =
D − 3
4(D − 2)gκκ
4
D,
ΛD−1 =
D − 3
8(D − 2)g
2
κκ
4
D. (3.24)
For a perfect fluid,
τµν = (ρ+ p)uµuν − pgµν , (3.25)
where uµ is the four-velocity of the fluid, we find that
πµν =
D − 3
4(D − 2)ρ
×
[
(ρ+ p)uµuν −
(
p+
1
2
ρ
)
gµν
]
. (3.26)
Note that in writing Eqs.(3.22)-(3.26), without causing
any confusion, we had dropped the super indices (I).
It should be noted that in writing down Eqs.(3.22)-
(3.24) we implicitly assumed that only the brane ten-
sion has contribution to the (D-1)-dimensional Newto-
nian constant. However, it was argued that when the
scalar field does not vanish, it also contributes to it [37].
While this seems reasonable, considering the fact that
the tension gκ has the same contribution to GD−1, as one
can see from Eqs.(3.21), there are several disadvantages
for such an inclusion: (i) The resulted Newtonian con-
stant usually depends not only on time but also on space,
GD−1 = GD−1(φ(t, x
i)), which is highly constrained ex-
perimentally [38]. (ii) It is model-dependent. Different
potentials of the scalar field on the brane will give differ-
ent GD−1. (iii) It is not unique, even after the potential
is fixed. In fact, one can always redefine the energy-
momentum tensor τ
(I)
µν so that τ
(I)
µν = τ˜
(I)
µν + λ(I)g
(I)
µν ,
where the λ(I) term in Eq.(3.21) takes the same form as
g
(I)
κ and τ
(I)
(φ,ψ) do. Then, since both λ
(I) and τ
(I)
(φ,ψ) are
due to matter fields on the branes, there is no reason to
assume that λ(I) has no contribution to GD−1 but τ
(I)
(φ,ψ)
does. Therefore, in this paper, we shall take the point of
view of [32], and assume that only brane tension couples
with GD−1. With such an assumption, it can be seen
that GD−1 is uniquely defined once the brane tension is
specified.
2. Matter Field Equations on the Two Branes
On the other hand, the I-th brane, localized on the
surface ΦI(x) = 0, divides the spacetime into two regions,
one with ΦI(x) > 0 and the other with ΦI(x) < 0 [cf.
Fig. 1]. Since the field equations are the second-order
differential equations, the matter fields have to be at least
continuous across this surface, although in general their
first-order directives are not. Introducing the Heaviside
function, defined as
H (x) =
{
1, x > 0,
0, x < 0,
(3.27)
in the neighborhood of ΦI(x) = 0 we can write the matter
fields in the form,
F (x) = F+(x)H (ΦI) + F
−(x) [1−H (ΦI)] , (3.28)
where F ≡ {φ, ψ, B}, and F+ (F−) is defined in the
region ΦI > 0 (ΦI < 0). Then, we find that
F,a(x) = F
+
,a (x)H (ΦI) + F
−
,a (x) [1−H (ΦI)] ,
F,ab(x) = F
+
,ab(x)H (ΦI) + F
−
,ab(x) [1−H (ΦI)]
+ [F,a]
− ∂ΦI(x)
∂xb
δ (ΦI) , (3.29)
where [F,a]
−
is defined as that in Eq.(3.19). Projecting
F,a into n
a and ea(µ) directions, we find
F,a = F,µe
(µ)
a − F,nna, (3.30)
where
F,n ≡ naF,a, F,µ ≡ ea(µ)F,a. (3.31)
Then, we have
[F,a]
−
na = [F,n]
−
,
[F,a]
− ea(µ) = 0. (3.32)
Inserting Eqs.(3.30)-(3.32) into Eq.(3.29), we find
F,ab(x) = F
+
,ab(x)H (ΦI) + F
−
,ab(x) [1−H (ΦI)]
− [F,n]− nanbNI δ (ΦI) , (3.33)
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FIG. 1: The surface ΦI(x) = 0 divides the spacetimes into
two regions, ΦI(x) > 0 and ΦI(x) < 0. The normal vector
defined by Eq.(3.34) points from M− to M+, where M+ ≡
{x : ΦI(x) > 0} and M
− ≡ {x : ΦI(x) < 0}.
where NI ≡
√
|ΦI,cΦ,cI |, and
na =
1
NI
∂ΦI(x)
∂xa
. (3.34)
Substituting Eq.(3.33) into Eqs.(3.5)-(3.8), we find that
the matter field equations on the branes read,
[
φ(I),n
]−
= −Ξ(I)
(
2κ2DǫI
∂V
(I)
D−1
∂φ
+ σ
(I)
φ
)
, (3.35)
[
ψ(I),n
]−
= −Ξ(I)
(
2κ2DǫI
∂V
(I)
D−1
∂ψ
+ σ
(I)
ψ
)
, (3.36)
[
B
(I)
ij,n
]−
= −Ξ(I) σ(I)ij , (3.37)[
H
(I)
nab
]−
= −Ξ(I) σ(I)ab , (3.38)
where
Hnab ≡ Hcabnc, Ξ(I) ≡ 1
NI
√√√√∣∣∣∣∣g
(I)
D−1
gD
∣∣∣∣∣. (3.39)
This completes our general description for (D + d)-
dimensional spacetimes of string theory with two orbifold
branes. Setting D = d = 5, we shall obtain the results
presented in [19]. from now on we shall restrict ourselves
to this case.
IV. GRAVITATIONAL COUPLING IN
4-DIMENSIONAL EFFECTIVE THEORY AND
THE HIERARCHY PROBLEM
One of the main motivations of the brane worlds is to
resolve the long standing hierarchy problem, namely the
large difference in magnitudes between the Planck and
electroweak scales [1, 2]. In this section, we are going
to show explicitly how the problem is solved in our cur-
rent setup. We first note that in deriving the relation be-
tween the two scalesMD andMpl, given by Eqs.(1.2) and
(1.4), it was implicitly assumed that the 4-dimensional ef-
fective Einstein-Hilbert action Seff.g couples with matter
directly in the form,
Seff.g + Sm =
∫ √−gd4(− 1
2κ24
R + Lm
)
, (4.1)
from which one obtains the Einstein field equations,
Gµν = κ
2
4τµν . In the weak field limit, one arrives at
κ24 = 8πG/c
4 [39]. However, in the brane-world scenarios,
the coupling between the effective Einstein-Hilbert action
and matter is much more complicated than that given
by Eq.(4.1). In particular, the gravitational field equa-
tions on the branes are given by Eqs.(3.22)-(3.24), which
are a second-order polynomial in terms of the energy-
momentum tensor τµν of the brane. In the weak-field
regime, the quadratic terms are negligible, and the term
linear to τµν dominates. Then, under the weak-field limit,
one can show that κ24 defined by Eq.(3.24) is related to
the Newtonian constant exactly by κ24 = 8πG/c
4, from
which we find that
gκ =
6κ24
κ45
. (4.2)
Note that this result is quite general, and applicable to
a large class of brane-world scenarios [3]. In the present
case, we have κ25 = M
−3
5 = 1/(M
8
10R
5), where R is the
typical size of the extra dimensions [22]. Then, one find
that gκ ≃ 10−47 GeV 4, that is, to solve the hierarchy
problem in the framework of string theory on S1/Z2, the
tension of the brane has to be in the same order of the
observational cosmological constant ρobsΛ .
V. RADION MASS
In [18], we studied the radion stability using the
Goldberger-Wise mechanism [20], and found that the ra-
dion is stable. To show this claim, we considered the 5-
dimensional static metric with a 4-dimensional Poincare´
symmetry,
ds25 = e
2σ(y)
(
ηµνdx
µdxν − dy2) , (5.1)
σ(y) =
1
9
ln
( |y|+ y0
L
)
,
φ(y) = −
√
25
54
ln
( |y|+ y0
L
)
+ φ0,
9y 2y− y−2y
y
c c cc
|y|
−ε ε
0
FIG. 2: The function |y| appearing in Eq. (5.1).
ψ(y) = −
√
5
18
ln
( |y|+ y0
L
)
+ ψ0,
Bij = 0 = Bab, (5.2)
where |y| is defined as in Fig. 2, L and y0 are positive
constants, and
ψ0 ≡
√
2
5
(
ln
(
2
9L2V 0(5)
)
− 5√
6
φ0
)
. (5.3)
Then, it can be shown that the above solution satisfies
the gravitational and matter field equations both outside
and on the branes, for any given potentials of the branes
for τ
(I)
µν = 0. For the detail, we refer readers to [18].
To study the radion stability and mass, it is found
convenient to introduce the proper distance Y , defined
by [18]
Y =
(
9L
10
){(
y + y0
L
)10/9
−
(y0
L
)10/9}
. (5.4)
Then, in terms of Y , the static solution (5.1) can be
written as
ds25 = e
−2A(Y )ηµνdx
µdxν − dY 2, (5.5)
with
A(Y ) = − 1
10
ln
{(
10
9L
)
(|Y |+ Y0)
}
,
φ(Y ) = −
√
3
8
ln
{(
10
9L
)
(|Y |+ Y0)
}
+ φ0,
ψ(Y ) = − 3√
40
ln
{(
10
9L
)
(|Y |+ Y0)
}
+ψ0, (5.6)
where |Y | is defined also as that of Fig. 2, with
Y0 ≡
(
9L
10
)(y0
L
)10/9
,
Yc ≡
(
9L
10
){(
yc + y0
L
)10/9
−
(y0
L
)10/9}
, (5.7)
and Y2 = 0, Y1 = Yc.
Following [20], in citeWS07 we considered a massive
scalar field Φ in the background of the spacetime de-
scribed above and found that the radion potential is given
by,
VΦ (Yc) ≡ −
∫ Yc−ǫ
0+ǫ
dY
√
|g5|
(
(∇Φ)2 −m2Φ2
)
+
2∑
I=1
αI
∫ YI+ǫ
YI−ǫ
dY
√∣∣∣g(I)4 ∣∣∣ (Φ2 − v2I)2
×δ (Y − YI)
= e−4A(Y )Φ(Y )Φ′(Y )
∣∣∣Yc
0
+
2∑
I=1
αI
(
Φ2I − v2I
)2
e−4A(YI). (5.8)
In the limits that αI ’s are very large and mY0 ≫ 1 [20],
we found
VΦ (Yc) =
(
10Y0
9L
)2/5
M
sinh (zc − z0) {−2v1v2
+
(
v21 + v
2
2
)
cosh (zc − z0)
}
, (5.9)
from which we find that
∂VΦ (Yc)
∂Yc
=
(
10Y0
9L
)2/5
2v1v2M
sinh2 (zc − z0)
{cosh (zc − z0)
−v
2
1 + v
2
2
2v1v2
}
, (5.10)
where zc − z0 = MYc. Figs. 3 shows the potential for
(z0, v1, v2) = (10, 1.0, 0.1). Clearly, VΦ (Yc) has a
minimum at
Y minc =
1
M
cosh−1
(
v21 + v
2
2
2v1v2
)
, (5.11)
for which we have
∂2VΦ (Yc)
∂Y 2c
∣∣∣∣
Yc=Yminc
=
(
10Y0
9L
)2/5
4v1v2M
3
|v21 − v22 |
. (5.12)
As shown in [20, 23], the radion field ϕ is related to
the proper distance Yc between the two branes by
ϕ (Yc) =
√
12f (Yc), (5.13)
where
f ≡ 1
κ25
∫ Yc
0
e−2A(Y )dY =
5L
6κ25
(
10
9
)1/5
×
{(
Yc + Y0
L
)6/5
−
(
Y0
L
)6/5}
. (5.14)
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FIG. 3: The potential defined by Eq.(5.9) in the limit of large
vI and y0. In this particular plot, we choose (z0, v1, v2) =
(10, 1.0, 0.1).
Then, we find that
m2ϕ =
1
2
∂2VΦ (Yc)
∂ϕ2
∣∣∣∣
Yc=Yminc
=
(
10Y0
9L
)1/5
2M5
3M35
×v˜21 v˜22
∣∣∣∣ ln(v˜1/v˜2)v˜21 − v˜22
∣∣∣∣ , (5.15)
where vi = M
3/2v˜i. Since vi has the dimension [m]
3/2,
we can see that v˜i is dimensionless. in addition,M and vi
are all 5-dimensional quantities, we expect that M ∼M5
and v˜i ∼ O(1). Without introducing new hierarchy, we
also expect that (Y0/L)
1/5 ∼ O(1) and Yc/Y0 ∼ O(1).
Then, from Eq.(5.15) we find
mϕ ≃M5 =
(
M10
Mpl
)8/3 (
R
lpl
)5/3
Mpl. (5.16)
For M10 ∼ TeV and R ∼ 10−22 m, we find that mϕ ≃
10−2 GeV , which is much large than the experimental
limit mϕ > 10
−3 eV [2].
VI. LOCALIZATION OF GRAVITY AND 4D
EFFECTIVE NEWTONIAN POTENTIAL
To study the localization of gravity and the four-
dimensional effective gravitational potential, in this sec-
tion let us consider small fluctuations hab of the 5-
dimensional static metric with a 4-dimensional Poincare´
symmetry, given by Eqs.(5.1) and (5.2) in its conformally
flat form.
A. Tensor Perturbations and the KK Towers
Since such tensor perturbations are not coupled with
scalar ones [40], without loss of generality, we can set the
perturbations of the scalar fields φ and ψ to zero, i.e.,
δφ = 0 = δψ. We shall choose the gauge
hay = 0, h
λ
λ = 0 = ∂
λhµλ. (6.1)
Then, it can be shown that [41]
δG
(5)
ab = −
1
2
✷5hab − 3
2
{(∂cσ) (∂chab)
−2 [✷5σ + (∂cσ) (∂cσ)]hab} ,
κ25δT
(5)
ab =
1
4
(
φ′
2
+ ψ′
2
+ 2e2σV5
)
hab,
δT (4)µν =
(
τ
(I)
(φ,ψ) + 2ρ
(I)
Λ
)
e2σ(yI)hµν(x, yI), (6.2)
where ✷5 ≡ ηab∂a∂b and (∂cσ) (∂chab) ≡
ηcd (∂cσ) (∂dhab), with η
ab being the five-dimensional
Minkowski metric. Substituting the above expressions
into the Einstein field equations (3.1) with D = 5, and
noticing that
∣∣∣∣∣g
(I)
4
g5
∣∣∣∣∣
1/2
= e−σ(yI), (6.3)
we find that in the present case there is only one inde-
pendent equation, given by
✷5hµν + 3 (∂cσ) (∂
chµν) = 0, (6.4)
which can be further cast in the form,
✷5h˜µν +
3
2
(
σ′′ +
3
2
σ′
)
h˜µν = 0, (6.5)
where hµν ≡ e−3σ/2h˜µν . Setting
h˜µν(x, y) = hˆµν(x)ψ(y),
✷5 =
(
✷4 −∇2y
)
=
(
ηµν∂µ∂ν − ∂2y
)
,
✷4hˆµν(x) = −m2hˆµν(x), (6.6)
we find that Eq.(6.4) takes the form of the schro¨dinger
equation, (−∇2y + V )ψ = m2ψ, (6.7)
where
V ≡ 3
2
(
σ′′ +
3
2
σ′
2
)
= − 5
36 (|y|+ y0)2
+
δ (y)
3y0
− δ (y − yc)
3 (yc + y0)
. (6.8)
From the above expression we can see clearly that the
potential has a delta-function well at y = yc, which is
responsible for the localization of the graviton on this
brane. In contrast, the potential has a delta-function
barrier at y = 0, which makes the gravity delocalized on
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FIG. 4: The potential defined by Eq.(6.8).
the y = 0 brane. Fig. 4 shows the potential schemati-
cally.
Introducing the operators,
Q ≡ ∇y − 3
2
σ′, Q† ≡ −∇y − 3
2
σ′, (6.9)
Eq.(6.7) can be written in the form of a supersymmetric
quantum mechanics problem,
Q† ·Qψ = m2ψ. (6.10)
It should be noted that Eq.(6.10) itself does not quaran-
tee that the operator Q† · Q is Hermitian, because now
it is defined only on a finite interval, y ∈ [0, yc]. To en-
sure its Hermiticity, in addition to writing the differential
equation in the Shro¨dinger form, one also needs to show
that it has Hermitian boundary conditions, which can be
formulated as [42]
ψ′n(0)ψm(0) − ψn(0)ψ′m(0) = ψ′n (yc)ψm (yc)
− ψn (yc)ψ′m (yc) , (6.11)
for any two solutions of Eq.(6.10). To show that in the
present case this condition is indeed satisfied, let us con-
sider the boundary conditions at y = 0 and y = yc. In-
tegration of Eq.(6.7) in the neighbourhood of y = 0 and
y = yc yields, respectively, the conditions,
lim
y→y−c
ψ′(y) =
1
6 (yc + y0)
lim
y→y−c
ψ(y), (6.12)
lim
y→0+
ψ′(y) =
1
6y0
lim
y→0+
ψ(y). (6.13)
Note that in writing the above equations we had used the
Z2 symmetry of the wave function ψ. Clearly, any solu-
tion of Eq.(6.7) that satisfies the above boundary condi-
tions also satisfies Eq.(6.11). That is, the operator Q† ·Q
defined by Eq.(6.9) is indeed a positive definite Hermi-
tian operator. Then, by the usual theorems we can see
that all eigenvalues m2n are non-negative, and their cor-
responding wave functions ψn(y) are orthogonal to each
other and form a complete basis. Therefore, the back-
ground is gravitationally stable in our current setup.
1. Zero Mode
The four-dimensional gravity is given by the existence
of the normalizable zero mode, for which the correspond-
ing wavefunction is given by
ψ0(y) = N0
( |y|+ y0
L
)1/6
, (6.14)
where N0 is the normalization factor, defined as
N0 ≡ 2
{
3L
[(
yc + y0
L
)4/3
−
(y0
L
)4/3]}−1/2
. (6.15)
Eq.(6.14) shows clearly that the wavefunction is increas-
ing as y increases from 0 to yc. Therefore, the gravity is
indeed localized near the y = yc brane.
2. Non-Zero Modes
In order to have localized four-dimensional gravity, we
require that the corrections to the Newtonian law from
the non-zero modes, the KK modes, of Eq.(6.7), be very
small, so that they will not lead to contradiction with
observations. To solve Eq.(6.7) outside of the two branes,
it is found convenient to introduce the quantities,
ψ(y) ≡ z1/2 u(z), z ≡ m (y + y0) . (6.16)
Then, in terms of z and u(z), Eq.(6.7) takes the form,
z2
d2u
dz2
+ z
du
dz
+
(
z2 − ν2)u = 0, (6.17)
but now with ν = 1/3. Eq.(6.17) is the standard
Bessel equation [43], which have two independent solu-
tions Jν(z) and Yν(z). Therefore, the general solution of
Eq.(6.7) are given by
ψ = z1/2 {cJν(z) + dYν(z)} , (6.18)
where c and d are the integration constants, which will
be determined from the boundary conditions given by
Eqs.(6.12) and (6.13). Setting
∆11 ≡ 2Jν (zc)− 3zcJν+1 (zc) ,
∆12 ≡ 2Yν (zc)− 3zcYν+1 (zc) ,
∆21 ≡ 2Jν (z0)− 3z0Jν+1 (z0) ,
∆22 ≡ 2Yν (z0)− 3z0Yν+1 (z0) , (6.19)
we find that Eqs.(6.12) and (6.13) can be cast in the form,(
∆11 ∆12
∆21 ∆22
)(
c
d
)
= 0. (6.20)
It has no trivial solutions only when
∆ ≡ det (∆ij) = 0. (6.21)
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FIG. 5: The function of ∆ defined by Eq.(6.21) for z0 =
my0 = 0.01, 1.0, 1000, respectively.
z0 m1yc m2yc m3yc
0.01 3.37 6.52 9.67
1.0 3.20 6.35 9.50
1000 3.14 6.28 9.42
TABLE I: The first three modes mn (n = 1, 2, 3) for z0 =
0.01, 1.0, 1000, respectively.
Fig. 5 shows the solutions of ∆ = 0 for z0 = my0 =
0.01, 1.0, 1000, respectively, where the root myc = 0 is
the zero-mode, discussed in the last sub-section. Thus,
in the rest of this sub-section, we shall not consider it.
From this figure, two remarkable features emerge: (1)
The spectrum of the KK towers is discrete. (2) The KK
modes weakly depend on the specific values of z0.
Table I shows the first three modes mn (n = 1, 2, 3)
for z0 = 0.01, 1.0, 1000, from which we can see that to
find mn it is sufficient to consider only the case where
z0 ≫ 1.
When z0 ≫ 1 we find that zc = z0 + myc ≫ 1, and
that [43]
Jν(z) ≃ −Yν+1(z) ≃
√
2
πz
cos
(
z − 5
12
π
)
,
Yν(z) ≃ Jν+1(z) ≃
√
2
πz
sin
(
z − 5
12
π
)
. (6.22)
Inserting the above expressions into Eqs.(6.19) and
(6.21), we obtain
∆ = −
√
4
π2z0zc
{6 (zc − z0) cos (zc − z0)
+ (4 + 9z0zc) sin (zc − z0)} , (6.23)
whose roots are given by
tan (zc − z0) = −6 (zc − z0)
4 + 9z0zc
. (6.24)
From this equation, we can see that mn satisfies the
bounds(
n− 1
2
)
π
yc
< mn <
nπ
yc
, (n = 1, 2, 3, ...). (6.25)
Combining the above expression with Table I, we find
that mn is well approximated by
mn ≃ nπ
(
lpl
yc
)
Mpl, (6.26)
For z0 ≫ 1. In particular, we have
m1 ≃ 3.14×
(
10−19 m
yc
)
TeV
≃ 3.14×
{
1 TeV, yc ≃ 10−19 m,
10−2 eV, yc ≃ 10−5 m,
10−4 eV, yc ≃ 10−3 m.
(6.27)
It should be noted that the mass mn calculated above
is measured by the observer with the metric ηµν . How-
ever, since the warped factor eσ(y) is different from one
at y = yc, the physical mass on the visible brane should
be given by [2]
mobsn = e
−σ(yc)mn =
(
yc + y0
L
)−1/9
mn. (6.28)
Without introducing any new hierarchy, we expect that
[(yc + y0)/L]
−1/9 ≃ O(1). As a result, we have
mobsn =
(
yc + y0
L
)−1/9
mn ≃ mn. (6.29)
For each mn that satisfies Eq.(6.21), the wavefunction
ψn(z) is given by
ψn(z) = Nnz
1/2 {∆12 (mn, yc)Jν(z)
−∆11 (mn, yc)Yν(z)} , (6.30)
where Nn ≡ Nn (mn, yc) is the normalization factor, so
that ∫ yc
0
|ψn(z)|2 dy = 1. (6.31)
B. 4D Newtonian Potential and Yukawa
Corrections
To calculate the four-dimensional effective Newtonian
potential and its corrections, let us consider two point-
like sources of massesM1 andM2, located on the brane at
y = yc. Then, the discrete eigenfunction ψn(z) of mass
mn has an Yukawa correction to the four-dimensional
gravitational potential between the two particles [41, 44]
U(r) = G4
M1M2
r
+
M1M2
M35 r
∞∑
n=1
e−mnr |ψn(zc)|2, (6.32)
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where ψn(zc) is given by Eq.(6.30). When z0 = mny0 ≫
1, from Eqs.(6.22), (6.30) and (6.31) we find that
Nn ≃
√
π2
18zcyc
,
ψn(zc) ≃
√
2
yc
. (6.33)
Then, we obtain
δ1(r) ≃
(
1028 m
yc
)
e−
pir
2yc . (6.34)
Clearly, for yc ≃ 10−19 m and r ≃ 10 µm, we have
δ1(r) ≪ 1, and the corresponding Yukawa corrections
are negligible.
VII. CONCLUSIONS
In this paper, we have systematically studied the brane
worlds of string theory on S1/Z2. Starting with the
toroidal compactification of the Neveu-Schwarz/Neveu-
Schwarz sector in (D+d) dimensions, in Sec. II.A we have
first obtained an effective D-dimensional action given by
Eq.(2.26) for non-vanishing dilaton field and flux with an
effective potential given by Eq.(2.27). Then, in Sec. II.B
we have compactified one of the (D − 1) spatial dimen-
sions by adding two orbifold branes as the boundaries of
the spacetime along the compactified dimension.
Variations of the total action with the metric and mat-
ter fields yield, respectively, the gravitational and mat-
ter field equations. This has been done in Sec. III and
given by Eqs.(3.1)-(3.9). Dividing the whole set of the
field equations into two groups, one holds outside the
two branes, and the other holds on them, in Sec. III.A
we have first written down the field equations outside
the two branes, Eqs.(3.10)-(3.14), while in Sec. III.B,
we have written down explicitly the general gravitational
field equations on each of the two branes, Eqs. (3.22)-
(3.24), by combining the Gauss-Codacci and Lanczos
equations. On the other hand, by using the distribu-
tion theory, we have also been able to write down the
matter field equations on the branes in terms of the dis-
continuities of the first derivatives of the matter fields,
Eqs. (3.35)-(3.39).
In the study of orbifold branes, one of the most at-
tractive features is that it may resolve the long standing
hierarchy problem. In Sec. IV, we have shown explicitly
how it can be solved in the current setup. The mecha-
nism is essentially the combination of the ADD large ex-
tra dimension [1] and RS warped factor [2] mechanisms
together with the tension coupling scenario [32]. In order
to solve the hierarchy problem in the current setup, the
tensions of the branes are required to be in the order of
the cosmological constant.
Another important issue in brane worlds is the radion
stability and radion mass [3]. Previously, we showed that
the radion is stable [18]. In this paper, we have devoted
Sec. V to study the radion mass. With some very con-
servative arguments, we have found that the radion mass
is of the order of 10−2 GeV , which is by far beyond its
current observational constraint, mϕ > 10
−3 eV .
In Sec. VI we have also shown that the gravity is
localized on the visible (TeV) brane, in contrast to the
RS1 model in which the gravity is localized on the Planck
(hidden) brane [2]. In addition, the spectrum of the grav-
itational KK modes is discrete, and given explicitly by
Eq.(6.26), which can be of the order of TeV. The correc-
tions to the 4D Newtonian potential from the higher or-
der gravitational KK modes are exponentially suppressed
and can be safely neglected [cf. Eq.(6.32)].
In Appendix, we have also presented a systematical
and pedagogical study of the Gauss-Codacci equations
and Israel’s junction conditions across a surface, which
can be either spacelike or timelike, in higher dimensional
spacetimes.
It should be noted that, when studied the radion sta-
bility, we have ignored the backreaction of the pertur-
bations. Although it is expected that the main results
obtained here will be continuously valid even after tak-
ing such backreaction into acocunt, as what exactly hap-
pened in the Randall-Sundrum model [45], it would be
very interesting to show explicitly that this is indeed the
case.
Other important issues that have not been addressed in
this paper include the constraints from the solar system
tests [46], and linear perturbations in the current setup.
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Appendix: Gauss-Codacci Equations and Israel’s
Junction Conditions in Higher Dimensional
Spacetimes
In this appendix, we shall present a systematic and
pedagogical study of the Gauss-Codacci equations and
Israel’s junction conditions across a surface, where the
metric coefficients are only continuous, i.e., C0) in higher
dimensional spacetimes.
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A. Notations and Conventions
We shall closely follow notations and conventions of
d’Inverno [39]. The metric is given by
ds2D = gab (x
c) dxadxb, (A.1)
with the signature [47],
sign (gab) = {+,−,−, ...,−} . (A.2)
We shall use the lowercase Latin indices, such as, a, b, c,
to run from 0 to D − 1, and the Greek indices, such as,
µ, ν, λ, to run from 0 to D − 2. The Riemann tensor is
defined by [48],
(∇c∇d −∇d∇c)Xa = (D)RabcdXb, (A.3)
where ∇a denotes the covariant derivative with respect
to gab. In terms of the Christoffel symbols, it is given by
(D)Rabcd ≡ (D)Γabd,c − (D)Γabc,d + (D)Γace (D)Γebd
−(D)Γade (D)Γebc, (A.4)
where
(D)Γabc =
1
2
gad (gdc,b + gbd,c − gbc,d) , (A.5)
and gab,c ≡ ∂gab/∂xc, etc. The Ricci and Einstein tensors
are defined as
R
(D)
ab ≡ (D)Rcacb = (D)Γcab,c − (D)Γcac,b
+(D)Γcce
(D)Γeab − (D)Γcbe (D)Γeac,
G
(D)
ab ≡ R(D)ab −
1
2
gabR
(D), (A.6)
where
R(D) ≡ R(D)ab gab. (A.7)
The Weyl tensor is defined as
C
(D)
abcd = R
(D)
abcd +
1
D − 2
(
gad R
(D)
bc
+gbc R
(D)
ad − gac R(D)bd
−gbd R(D)ac
)
+
1
(D − 1)(D − 2) (gacgbd
−gadgbc) R(D). (A.8)
In this paper, we also use the convention,
(D)X ≡ X(D). (A.9)
B. Gauss and Codacci Equations
Assume that MD−1 is a hypersurface in MD given by
MD−1 = {xa : Φ (xc) = 0} . (B.1)
If we choose the intrinsic coordinates of MD−1 as
{ξµ} = {ξ0, ξ2, ..., ξD−2} , (B.2)
we find that the hypersurface MD−1 can be also written
in the form,
xa = xa(ξµ). (B.3)
Then, we have
dΦ(xc) =
∂Φ(xc)
∂xa
∂xa(ξν)
∂ξλ
dξλ = 0. (B.4)
Since dξλ’s are linearly independent, we must have
Nae
a
(µ) = 0, (B.5)
where
Na ≡ ∂Φ(x
c)
∂xa
,
ea(µ) ≡
∂xa(ξν)
∂ξµ
, (B.6)
and Na denotes the normal vector to the hypersurface
Φ(xc) = 0, and ea(µ)’s are the tangent vectors.
When NaN
a 6= 0, a condition that we shall assume in
this section, we define the unit normal vector na as
na =
Na
|NcN c|1/2
, (B.7)
with
nanbg
ab = ǫ(n), (B.8)
where ǫ(n) = ±1. When ǫ(n) = +1 the normal vector na
is timelike, and the corresponding hypersurface MD−1
is spacelike; when ǫ(n) = −1 the normal vector na is
spacelike, and the corresponding hypersurface MD−1 is
timelike.
On the hypersurface MD−1, the metric (A.1) reduces
to
ds2
∣∣
MD−1
= gab
(
xc(ξλ)
) ∂xa(ξρ)
∂ξµ
∂xb(ξσ)
∂ξν
dξµdξν
= gµν(ξ
λ)dξµdξν , (B.9)
where gµν is the reduced metric on MD−1 and defined as
gµν(ξ
λ) ≡ gab
(
xc(ξλ)
)
ea(µ)e
b
(ν). (B.10)
On the other hand, introducing the projection opera-
tor, hab, by
hab = gab − ǫ(n)nanb, (B.11)
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we find the following useful relations,
gab = gµνea(µ)e
b
(ν) + ǫ(n)n
anb,
gµν = gabe
a
(µ)e
b
(ν),
hab = gab − ǫ(n)nanb
= gµνe(µ) ae(ν) b, (B.12)
where e(µ) a ≡ gabeb(µ).
For a tangent vector A of MD−1, we have
Aµ = e(µ) ·A = ec(µ)Ac, A = Aµe(µ), (B.13)
with A · n = 0, and
Aµ ≡ gµνAν . (B.14)
The intrinsic covariant derivative of A with respect to ξµ
is defined as the projection of the vector ∇A/∇ξµ onto
MD−1,
Aµ;ν ≡ e(µ) ·
∇A
∇ξν = e
c
(µ)
∂xb
∂ξν
∇bAc
=
∂xb
∂ξν
[
∇b
(
ec(µ)Ac
)
−Ac∇b
(
ec(µ)
)]
=
∂xb
∂ξν
∇b
(
ec(µ)Ac
)
−A · ∇∇ξν
(
e(µ)
)
.
(B.15)
Since
∇
∇ξν
(
e(µ) ·A
)
=
∂xc
∂ξν
∇c (Aµ) = ∂Aµ
∂ξν
,
A · ∇∇ξν
(
e(µ)
)
= Aσe(σ) ·
∇
∇ξν
(
e(µ)
)
, (B.16)
we find that Eq.(B.15) can be written as
Aµ;ν = e(µ) ·
∇A
∇ξν = Aµ,ν −AλΓ
λ
µν (B.17)
where
Γλµν ≡ gλσe(σ) ·
∇e(µ)
∇ξν . (B.18)
After tedious but simple calculations, we finally arrive at
Γλµν ≡ gλσe(σ) ·
∇e(µ)
∇ξν
=
1
2
gλσ (gσν,µ + gµσ,ν − gµν,σ) . (B.19)
Properties of a non-intrinsic character enter when we
consider the way in which MD−1 bends in MD. This is
measured by the variations of ∇nA/∇ξµ of the normal
vector. Since each of these (D − 1) vectors is perpendic-
ular to na, we can write
∇na
∇ξν = K
λ
ν e
a
(λ), (B.20)
thus defining the extrinsic curvature Kµν of the hyper-
surface MD−1. From Eqs.(B.12) and (B.20) we obtain
that
Kµν = gµλK
λ
ν = e(µ) ae
a
(λ)K
λ
ν
= e(µ) a
∇na
∇ξν = e
a
(µ)e
b
(ν)∇bna. (B.21)
Because nae
a
(µ) = 0, we find that
Kµν = e
a
(µ)e
b
(ν)∇bna = −naeb(ν)∇b
(
ea(µ)
)
= −naeb(ν)
(
ea(µ),b +
(D)Γabce
c
(µ)
)
= −na
(
∂2xa
∂ξµ∂ξν
+ (D)Γabc
∂xb
∂ξν
∂xc
∂ξµ
)
= Kνµ. (B.22)
Assuming
∇e(µ)
∇ξν = αµνn+ β
σ
µνe(σ), (B.23)
we find that
n · ∇e(µ)∇ξν = αµνǫ(n) = −Kµν ,
e(λ) ·
∇e(µ)
∇ξν = β
σ
µνgλσ = gλσΓ
σ
µν , (B.24)
namely,
αµν = −ǫ(n)Kµν , βσµν = Γσµν . (B.25)
Inserting Eq.(B.25) into Eq.(B.23), we obtain
∇e(µ)
∇ξν = −ǫ(n)Kµνn+ Γ
σ
µνe(σ), (B.26)
which is usually called the Gauss-Weingarten equation.
Thus, for any vectorA that is tangent toMD−1, we have
∇A
∇ξν =
∇
∇ξν
(
Aµe(µ)
)
=
∇Aµ
∇ξν e(µ) +A
µ∇e(µ)
∇ξν
=
∂Aµ
∂ξν
e(µ) +A
µ
(−ǫ(n)Kµνn+ Γσµνe(σ))
= Aµ;νe(µ) − ǫ(n)AµKµνn,
that is,
∇A
∇ξν = A
µ
;νe(µ) − ǫ(n)AµKµνn. (B.27)
Operating on Eq.(B.26) with ∇/∇ξλ and using
Eq.(B.20), we find that
∇
∇ξλ
(∇ea(µ)
∇ξν
)
=
∇
∇ξλ
(
−ǫ(n)Kµνna + Γσµνea(σ)
)
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= −ǫ(n)∇Kµν∇ξλ n
a − ǫ(n)Kµν∇n
a
∇ξλ
+
∇Γσµν
∇ξλ e
a
(σ) + Γ
δ
µν
∇ea(δ)
∇ξλ
= −ǫ(n)Kµν,λna − ǫ(n)KµνKσλea(σ)
+Γσµν,λe
a
(σ)
+Γδµν
(
−ǫ(n)Kδλna + Γσδλea(σ)
)
=
(
Γσµν,λ + Γ
δ
µνΓ
σ
δλ − ǫ(n)KµνKσλ
)
ea(σ)
−ǫ(n) (Kµν,λ + ΓδµνKδλ)na. (B.28)
Thus, we have( ∇2
∇ξλ∇ξν −
∇2
∇ξν∇ξλ
)
ea(µ) =
(D−1)Rσµλνe
a
(σ)
+ǫ(n) (KµλK
σ
ν −KµνKσλ ) ea(σ)
+ǫ(n) (Kµλ;ν −Kµν;λ)na, (B.29)
where
(D−1)Rσµλν ≡ Γσµν,λ − Γσµλ,ν + ΓδµνΓσδλ − ΓδµλΓσδν . (B.30)
On the other hand, we have
∇2ea(µ)
∇ξλ∇ξν =
∇
∇ξλ
(∇ea(µ)
∇ξν
)
= ec(λ)∇c
(
eb(ν)∇bea(µ)
)
= ec(λ)e
b
(ν)
(
∇c∇bea(µ)
)
+ec(λ)
(
∇ceb(ν)
)(
∇bea(µ)
)
= ec(λ)e
b
(ν)
(
∇c∇bea(µ)
)
+
(
∇bea(µ)
)
×
(
∂2xb
∂ξλ∂ξν
+ (D)Γbcd
∂xc
∂ξλ
∂xd
∂ξν
)
, (B.31)
and ( ∇2
∇ξλ∇ξν −
∇2
∇ξν∇ξλ
)
ea(µ)
=
[
(∇c∇b −∇b∇c) ea(µ)
]
ec(λ)e
b
(ν)
= (D)Radcbe
d
(µ)e
c
(λ)e
b
(ν). (B.32)
Then, the combination of Eqs.(B.29) and (B.32) yields,
(D)Radcbe
d
(µ)e
c
(λ)e
b
(ν) =
(D−1)Rσµλνe
a
(σ)
+ǫ(n) (KµλK
σ
ν −KµνKσλ ) ea(σ)
+ǫ(n) (Kµλ;ν −Kµν;λ)na.
(B.33)
Multiplying Eq.(B.33) by e(ρ) a we obtain the Gauss
equation,
R
(D)
abcde
a
(ρ)e
b
(µ)e
c
(λ)e
d
(ν) = R
(D−1)
ρµλν
+ǫ(n) (KµλKνρ −KµνKλρ) . (B.34)
Similarly, multiplying Eq.(B.33) with na we obtain the
Codacci equation,
R
(D)
abcdn
aeb(µ)e
c
(λ)e
d
(ν) = Kµλ;ν −Kµν;λ. (B.35)
Multiplying Eq.(B.34) by gρλgµν , and noting
gµνea(µ)e
b
(ν) = g
ab − ǫ(n)nanb, (B.36)
we find that
R
(D)
abcde
a
(ρ)e
b
(µ)e
c
(λ)e
d
(ν)g
ρλgµν = R
(D)
abcd
× (gac − ǫ(n)nanc) (gbd − ǫ(n)nbnd)
= R
(D)
abcd
(
gacgbd − ǫ(n)gacnbnd
−ǫ(n)gbdnanc)
= R(D) − 2ǫ(n) R(D)ab nanb
= −2ǫ(n) G(D)ab nanb
= R(D−1) + ǫ(n)
(
KλσK
σ
λ −K2
)
,
this is,
− 2ǫ(n) G(D)ab nanb = R(D−1) + ǫ(n)
(
KλσK
σ
λ −K2
)
,
(B.37)
where K = gµνKµν .
Multiplying Eq.(B.35) by gµν , we obtain
R
(D)
abcdn
aeb(µ)e
c
(λ)e
d
(ν)g
µν = R
(D)
abcdn
aec(λ)
× (gbd − ǫ(n)nbnd)
= R(D)ac n
aec(λ)
= G(D)ac n
aec(λ)
= (Kσλ − δσλK);σ ,
or
G(D)ac n
aec(λ) = (K
σ
λ − δσλK);σ . (B.38)
From the Gauss equation Eq.(B.34), we find that
R
(D−1)
ρµλν = R
(D)
abcde
a
(ρ)e
b
(µ)e
c
(λ)e
d
(ν)
−ǫ(n) (KµλKνρ −KµνKλρ) , (B.39)
from which we obtain
R(D−1)µν = R
(D)
ab e
a
(µ)e
b
(ν)
−ǫ(n) R(D)abcdnaeb(µ)nced(ν)
−ǫ(n) (KµσKσν −KKµν) ,
R(D−1) = R(D) − 2ǫ(n) R(D)ab nanb
−ǫ(n) (KαβKαβ −K2) . (B.40)
Then, from Eq.(A.8) we find that
R
(D)
abcdn
aeb(µ)n
ced(ν) =
ǫ(n)
D − 2 R
(D)
ab e
a
(µ)e
b
(ν)
+
1
D − 2
{
R
(D)
ab n
anb − ǫ(n)
D − 1 R
(D)
}
gµν
+ E(D)µν , (B.41)
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where
E(D)µν ≡ C(D)abcdnaeb(µ)nced(ν). (B.42)
From the definition of the Einstein tensor, we find that
R
(D)
ab e
a
(µ)e
b
(ν) = G
(D)
ab e
a
(µ)e
b
(ν) −
1
D − 2gµν G
(D),
R
(D)
ab n
anb = G
(D)
ab n
anb − ǫ(n)
D − 2G
(D),
R(D) = − 2
D − 2 G
(D). (B.43)
Then, combining Eqs.(B.40)-(B.43), we obtain
G(D−1)µν =
D − 3
D − 2
{
G
(D)
ab e
a
(µ)e
b
(ν)
+ǫ(n)G
(D)
ab n
anbgµν
− 1
D − 1G
(D)gµν
}
−ǫ(n) (KµσKσν −KKµν)
+
ǫ(n)
2
(
KαβK
αβ −K2) gµν
−ǫ(n) E(D)µν . (B.44)
C. Surface Layers
Assume that the hypersurfaceMD−1 divides the whole
spacetime MD into two regions M
±
D , where
M+D :=
{
x+ a,Φ ≥ 0} , M−D := {x− a,Φ ≤ 0} . (C.1)
In terms of x± a, the hypersurface MD−1 is given by
x+a = x+a (ξµ) , x−a = x−a (ξµ) , (C.2)
or equivalently
Φ+
(
x+b
)
= 0, Φ−
(
x−b
)
= 0. (C.3)
From the above equations we find that
n+a =
N+a∣∣N+c N+c∣∣1/2 , N
+
a =
∂Φ+ (x+c)
∂x+a
,
e+a(µ) ≡
∂x+a
(
ξλ
)
∂ξµ
,
n−a =
N−a∣∣N−c N−c∣∣1/2 , N
−
a =
∂Φ− (x−c)
∂x−a
,
e−a(µ) ≡
∂x−a
(
ξλ
)
∂ξµ
. (C.4)
Then, it is easy to see that in each of the two regions, the
Gauss and Codacci equations take the form of Eqs.(B.34)
and (B.35), from which Eqs.(B.37) and (B.38) result. On
the hypersurface MD−1, the reduced metric from each
side of MD−1 should be the same, so we must have
g+µν (ξ
µ)
∣∣
Σ+
= g−µν (ξ
µ)
∣∣
Σ−
≡ gµν (ξµ) . (C.5)
On the other hand, from the Lanczos equations [36],
[Kµν ]
− − gµν [K]− = −κ2DTµν , (C.6)
one defines the symmetric tensor Tµν as the effective sur-
face energy-momentum tensor, where
[Kµν ]
− ≡ limΦ→0+K+µν − limΦ→0−K−µν ,
[K]
− ≡ gµν [Kµν ]− . (C.7)
Combining Eq.(B.38) with Eq.(C.6), we obtain that[
G(D)ac n
aec(µ)
]−
= −κDT λµ ;λ, (C.8)
which serves as the conservation law for the surface EMT.
Assuming reflection symmetry of the brane, we have
K+µν = −K−µν = −Kµν . (C.9)
Then, from the Lanczos equations (C.6) we find that
Kµν − gµνK = κ
2
D
2
Tµν . (C.10)
Considering the case where
Tµν = τµν + λtotalgµν , (C.11)
we find that
K = − κ
2
D
2(D − 2)
[
(D − 1)λtotal + τ] ,
Kµν =
κ2D
2
[
τµν − 1
D − 2
(
τ + λtotal
)
gµν
]
,(C.12)
where τ ≡ gµντµν , and
λtotal ≡ λ+ τp. (C.13)
Then, we obtain
F (D−1)µν ≡
(
KµλK
λ
ν −KKµν
)
−1
2
gµν
(
KαβK
αβ −K2)
= −ǫ(n){κ2D−1τµν + λeff.gµν + κ4Dπµν}
+
κ4D(D − 3)
4(D − 2) τp
{
τµν +
1
2
(2λ+ τp) gµν
}
,
(C.14)
where
πµν = − ǫ(n)
4
{
τµλτ
λ
ν
− 1
D − 2ττµν −
1
2
gµν
(
ταβταβ − 1
D − 2τ
2
)}
,
κ2D−1 = −ǫ(n)
D − 3
4(D − 2)λκ
4
D,
λeff. = −ǫ(n) D − 3
8(D − 2)λ
2κ4D. (C.15)
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Then, Eq.(B.44) takes the form,
G(D−1)µν = −ǫ(n)
(
G(D)µν + E(D)µν
)
−ǫ(n)κ
4
D(D − 3)
4(D − 2) τp
{
τµν +
1
2
(2λ+ τp) gµν
}
+κ2D−1τµν + λ
eff.gµν + κ
4
Dπµν , (C.16)
where
G(D)µν = −ǫ(n)
D − 3
(D − 2)
{
G
(D)
ab e
a
(µ)e
b
(ν)
+ǫ(n)
[
G
(D)
ab n
anb − ǫ(n)
D − 1G
(D)
]
gµν
}
.
(C.17)
For a perfect fluid,
τµν = (ρ+ p)uµuν − pgµν , (C.18)
where uµ is the four-velocity of the fluid, we find that
πµν = −ǫ(n) D − 3
4(D − 2)ρ
{
(ρ+ p)uµuν − 1
2
(ρ+ 2p)gµν
}
.
(C.19)
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